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COMPUTATIONAL EXPERIENCE WITH LARGE-SCALE
CONSTRAINED GLOBAL OveHZHsveHOZ*

J.B. Rosen
University of Minnesota

1. Introduction

Significant progress has been made during the past two years in the
solution of certain large scale constrained global minimization problems. The
class of problems of primary interest here is that of finding the global
minimum of a concave, quadratic function on a convex polytope. A variety of
important applications lead to such a formulation, including plant location
with economies of scale, quadratic assignment problems, and fixed charge
problems (see for example [Hei81]). In fact, any zero-one integer or mixed
integer linear programming problem can be converted to an equivalent problem
of the type considered here by the use of a quadratic penalty function
[Rag69, Kal82].

The problem of interest here can be stated as follows:

(oM) global min Y(x, y)
(x,y)eP
where
Ax+Ay=0b .
P = Aﬁx. |t 2 v £

X; ¥y 20

is a mOw«novm in w=+r.

Wix, y) = o(x) + dly,

and ¢(x) 1s a concave quadratic function, given by

¢(x) = Tx - W xaox.

where Q 1s a positive semi-definite symmetric matrix.
y € wr. >~ e R™" and >~ € wsxr.

bounded, the global minimum function value V* will be attained at a vertex
(x#, y*) of P, with y(x*, y*) = y*,

We assume that x ¢ z:.

Since P 1is, by assumption, nonempty and

It is well known that, as with a completely linear function, the global
minimum of a concave function will occur at a vertex of P. 1In fact, every

local minimum function value is attained at a vertex, and problems can easily

* This research was support in part by the National Science

Foundation under Research Grant MCS8101214.
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We do not claim that these are the best times that can be
achieved from any of these five codes. Almost certainly some fine
tuning could produce lower times for all of these systems. Since
we have used the default parameters for all systems, we believe
that this is a fair comparison and that there is no particular
bias for any of the codes tested. This computational experience
presents our best judgement as to the expected savings for using
specialized as opposed to general software for multicommodity
problems,

Note:

This paper is a condensed version of [1] which has been submitted
for publication elsewhere, Professor Robert R, Meyer invited us to
prepare this paper for the COAL Newsletter. The complete version of this
manuscript may be obtained by writing to the authors.
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is then constructed with each pair of opposite faces parallel to one of the
hyperplanes :Mx = 0. A linear underestimating function I'(x) to ¢(x) 1s then

easily computed, which has the property that

F(wy) = :Jv. G 00 R Ly
and
r(x) £ ¢(x), all x ¢ R

where the :u are the vertices of wx. The following linear program is then
solved:

(LM) s min  T(x) + naw.

(x,y)eP
The solution to (LM) will give a vertex, v = (X, y), of P, which is a candidate
for the global minimum, and has the function value ¥(x, y) = ¢(X) + maw. 80 that
GAM. y) is an upper bound for y*, Since I'(x) underestimates ¢(x) on P_ = R_,
we also have that I'(x) + uﬂw < I(x) + naw S ¥(x, y) for all (x, y) € wq armm
r(x) + nﬂm is a lower bound for y*. We now have I'(x) + aﬂm Syx < y(x, ).
If these lower and upper bounds are close enough, we may take y(x, y) as an
acceptable approximation to the global minimum value, and (X, y) as an
acceptable global minimum vertex. If not acceptable, we partition wx into two
or more subdomains, get an improved linear underestimating function over each
subdomain, and solve (LM) again for each subdomain. This leads to a branch and
bound algorithm with a strict decrease in the difference between the upper and
lower bounds at each iteration.
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program (LM) gives both a lower and an upper bound on y*, and a feasible vertex
v, which is a candidate for the global minimum point.

In view of the difficulty of the problem (GM), it is not reasonable to

insist on the exact solution, that is, a vertex at which the exact minimum
2.1 Description of Codes

. function value is attained. Instead, we accept an €-approximate solution
MINOS (Murtagh and Saunders [13,14)) -- For linear programs, defined in terms of a bound on the difference y(X, y) - y*, where (x, y) 18 a
MINOS uses the revised simplex algorithm with all data and current feasible vertex with mind function val
i . Let A = -
instructions residing in core storage. The basis inverse is nuR. I vaue et A¢(x) ¢ (x) rey,
maintained as an LU factorization using a Bartels-Golub update.

where T'(x) is the linear underestimating function previously described.
The reinversion routine uses the Hellerman-Rarick pivot agenda

Since

algorithm. The initial basis was obtained by a CRASH routine. VE DAV on , T . T. 2 P
The inversion frequency was 50 iterations and the partial pricing P(x) +dy Sy* S ¢(x) +dy = y(x, y)
scheme uses a single block. The pricing tolerance was 1.E-6 and

the pivot tolerance was 8.43E-8. For our experiments, no problem it follows that

required more than 201K octal words of core storage.

VX, ) = v* S 84(R).
XMP (Marsten [11,12]) -- XMP is a library of FORTRAN subroutines

which can be used to solve linear programs. The basis inverse is Thus 1f 4¢(X) s sufficiently small, we consider ¥(X, ¥) to be an acceptable
maintained in LU factored form. The Harwell Library LAO5 routines approximation to the global minimum function value, with (%, 3) as ‘the

are used in the execution of all operations involving the basis

inverse. The initial basis consists of a combination of artificial corresponding approximate global minimum vertex. .

and slack variables. The pricing routine uses a candidate list of In order to determine a satisfactory small value for a¢, a scaling factor
size 6 with 200 columns being scanned each time the list is refreshed.

The basis is reinverted every 50 iterations. Both the pricing and is needed since y* may have any value, including y* = 0. A suitable scaling

pivot tolerance are 1.E-10. For our experiments, no problem required

factor is the (approximate) range A¢ of ¢ on R, given by A¢
more than 200K octal words of core storage. max x

max - *max ~ omxv.
where esbx is an easily computed approximation to the maximum of ¢ on wx. The
LISS (Ali and Kennington [3]) -- LISS is an in-core LP solver with vertex (x, y) is then accepted when A¢(x) < n>osmx. where € 1s a specified

the basis inverse maintained in product form. The reinversion routine

tol . X, ¥ =
is a modification of the work of Hellerman and Rarick, incorporating a vlerance The value y(x, y) 1s called an ¢ approximate solution to the
technique known as "splitting the bump" and uses the "spike swapping problem (GM).
theory" of [7]. The basis inverse is refactored every 50 iterations. One

of the surprisi

The initial basis consists of all artificials, A partial pricing scheme surprising computational results obtained by both Zilverberg
is used with 20 blocks. Both the pricing and pivot tolerance is 1.E-8. and Kalantari is that in a majority of the test cases run the vertex v obtained

by (LM) gave a function value only sligh *

NETSIDE (Barr, Farhangian, and Kennington [5]) -- NETSIDE is y (LH) gaw vatue only slightly larger than y* and in some cases

designed to solve the network with general side constraints model. It was an e-approximate solution. The confirmation of this fact however often

uses a specialization of the revised simplex method known as the primal

required many additional iterations, i
partitioning algorithm. The basis inverse is maintained as a rooted ) d br SLprier th ddterains an iugroved loies

spanning tree and a working basis inverse in product form. The bound that was sufficiently close to y*.
reinversion routine is a modification of the work of Hellerman and The algorithms developed and imple
t b 1
Rarick, using the "spike swapping theory" of [7]. The initial working & P pafmented, by 14 Hcmnvmmm sad Kalantard are
basis consists of a combination of artificial and slack variables. The N both similar in their initial phase, which finds a vertex v, as previously
working basis is reinverted every 60 iterations. The pricing routine described. Following this initial pha '
o s A
uses a candidate list of size 6 with block size of 200. Both the pricing . Phase, Zilverberg's algorithm continues o
and pivot tolerances are 1.E-6. partitioning zx into 2n pyramids. We summarize this partitioning for the
usual case where v is an interior oint of R_.. E i = oo

MCNF (Kennington [4,9]) ~-- MCNF is designed to solve multicommodity 3 x mnw pyrasid m». EEEs #2085
network flow problems. It uses a specialization of the revised simplex has as its base one of the 2n faces of R » and has v as its common apex. The
algorithm, The basis inverse is maintained as a set of rooted spanning

trees (one for each commodity) and a working basis inverse in product
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A _COMPUTATIONAL COMPARISON OF SPECIALIZED VERSUS
GENERAL CODES FOR
MULTICOMMODITY NETWORK PROBLEMS

by
Jeff L. Kennington and Bruce W. Patty

Department of Operations Research
Southern Methodist University
Dallas, Texas 75275
(214) 692-3072

It is well documented that pure network problems can be solved from
ten to one hundred times faster using specialized primal simplex software
as compared to general linear programming systems., For multicommodity
network flow problems, the computational savings are a function of the
number of tight side constraints, In this study, we compare a specialized
multicommodity network code with a network with side constraint code and
three linear programming codes. We conclude that our specialized multi-
commodity network code is threz times as fast as a general code, while a
specialized network with general side constraints code has twice the speed
of a general LP code.

s Introduction

The linear multicommodity network flow problem is a special structured
linear program which may be stated as follows:

minimize ) mxmr (1)
k

subject to >rmr = mx , (all k) (2)
0 < x <, (a1 k) 3
X <b, (a1 ) ()

ker, J = 3
]
where k is the commodity index,

>x is a Ex X =r node-arc incidence matrix,

mr is a sr row vector of unit costs,

k k

r is a m column vector of node requirements,

Uu is a scalar (called the mutual arc capacity for arc j),

The results of the computational testing to date show that those problems
for which the maximum of ¢ occurs at an interior point of P are more difficult
to solve. This is expected since ¢ may then have constrained local minima in
any direction. It has also been confirmed that problems for which ¢(x)
dominates the linear term are more difficult. Thus the most difficult
problems of type (GM) are those for which ¢ has an interior maximum point and
d=0 (or is relatively small).

A theoretical analysis of the computational performance of approximate
algorithms of this type has recently been completed [Ros83D]. It is shown there
that with reasonable assumptions the total number of flops ma. required to

obtain an e-approximate solution, satisfies the bound

m.a u BNA=+5Q:A=. €)
where 6 is the fractional density of the matrix _>~ >-. and u(n, €) depends
on n, € and the specific algorithm used, but is independent of m and k. Under
suitable conditions it is shown that u(n, €) = oﬁww. for fixed n. The :
computational results obtained so far confirm the predicted behavior with
respect to k, that is, the computing time increases linearly with k, for
fixed m, n and €. This behavior is important 1f large scale problems with
k >> n are to be solved in a reasonable time. Extensive additional computational
testing will be required to determine 1f the theoretical analysis [Ros83D] is
valid for these algorithms with respect to n and €.

Comparing the two algorithms, it is found that Zilverberg's algorithm
requires more computation per iteration, but generally obtains a good upper
bound (and corresponding feasible vertex) more quickly than Kalantari's
algorithm. However, Kalantari's algorithm is more efficient in finding a good
lower bound, so that A¢ is reduced more rapidly in his algorithm. Further

computational testing on larger problems is needed to properly evaluate the
relative merits of these two algorithms.
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SOFTWARE FAIR

Klaus Schittkowski

The Committee on Algorithms organizes a NATO Advanced Study
Institute (ASI) on Computational Mathematical Programming to be
held in Bad Windsheim, W. Germany, from July 23 to August 2,
1984. Please confer the preceding Newsletter for details. The
registrations show that a large percentage of participants are
practioneers who need optimization algorithms as a tool in their
application wodels, e.g. in mechanical engineering or operations
research. Their main motivation is to learn new solution methods
for solving optimization problems, in particular they are very
much interested in obtaining some information about corresponding
computer programs. Therefore COAL plans to establish a software
fair in the sense that information material about available opti-
mization codes is to be layed out during the ASI and question-
naires are to be published in the conference znonwmawsem. We all
know that it is quite difficult to spread out software infor-
mation to possible users, and COAL offers the chance for making

some advertising for mathematical programming codes.

If you want to participate in the software fair, then two actions

are required:

a) Submit three copies of information material (e.g. code des-
criptions, user's guides, reports), which will be layed out
during the ASI. Please understand that the available confe-

rence budget is limited and cannot be used for refunding your

expenses.

b) Type one page of condensed information for each code you want
to describe, which is to be retyped and published in the pro-

ceedings of the ASI. The form should contain the following
items:

- 9% =

ON_THE LENGTHS OF SIMPLEX PATTS

Snj61fur Olafsson and P.0. Lindberg
Department of Mathematics, Royal Institute of Technology,
S-100 44 Stockholm

1 Introduction

This is a short presentation of an experimental study of the number of
iterations for the Stochastic Simplex Method on Assignment and Trans-
portation Problems (reported in Lindberg & 0lafsson (1980, 1983) and
Olafsson & Lindberg (1983, 1984)) .

It is wellknown that the Simplex Method is very efficient in practice,
but also that there are worst case problem classes giving iteration
counts exponential in the data.

It was and is our belief that a large part of the practical efficiency
of the simplex method may be ascribed to the existence of many short
paths from any starting point to the optimum. To test this hypothesis
we have employed the Stochastic Simplex Method, which chooses the

variable to enter the basis completely at random among all variables
with negative reduced cost. With a Simplex Path we will understand

a basis sequence obtainable by the Stochastic Simplex Method. Low
iteration counts for this method imply that simplex paths are short
on the average, which in turn explains why the Simplex Method is so
efficient in practice.

In choosing problem classes to study we have started with Assignment
and Transportation Problems. The reason for this is threefold.

First one needs comparatively few parameters to define problems of
these classes, which means less parameters to control in the experi-
ments. Second, they have a well defined structure; taking a general

LP problem it would be hard to choose a structure that is typical.
Finally, these problem classes are important in practical applications.

The results we have obtained strongly confirm our beliefs on simplex
path lengths.

For dxd Assignment Problems we found, by experiments on 17 problems
with d between 20 and 230, that the mean and the standard deviation
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CHAIRMAN'S COLUMN

analysis. One may namely tell, to what extent the deviations from the

tical Programming Society has approved ) : )
The Council of the Mathematica 9 4 ¥ = regression "lines" depend on random fluctuations for the iteration

the awarding of a society prize to be called "The Mathematical
Programming Society Orchard-Hays Prize for Excellence in
Computational Mathematical Programming". The first such prize
will be awarded at the Twelfth Symposium of the Society held in
Boston in 1985. It will be a cash award of $500.

count within the given problems and how much on variations between
problems. Happily enough it turned out that a large (more than 50%)
of the deviations could be ascribed to random fluctuation within the
given problems.

) N Another feature of the study is that we tried and succeeded to de-
“Computational Mathematical Programming" includes o . . ) . .
. monstrate that the iteration count for a fixed problem is approximate-

ly normal. This permitted us to use different powerful statistical

1) experimental evaluation of mathematical programming :
tests based on normality.

algorithms,

2) development of high-quality mathematical programming .
Even if Assignment and Transportation Problems have comparatively

few parameters, there are still enough parameters to make a controlled
experiment difficult. Hence there is a pressing need to identify the
important parameters.

software,

3) development of new computational methods together with
experimental evidence of their effectiveness,

4) the development of new methods for the emperical testing

and evaluation of mathematical programming software, and ] ] ) .
Let us first lTook at Assignment Problems. They are uniquely defined

by their objective funtion coefficients. It is reasonable to believe
that the distribution of the iteration count should not depend on
the individual objective coefficients but rather on their distribu-

5) methodolgy for enhancing mathematical programming mode-
ling efforts.

I encourage each of you to reflect on who might be a worthy re- ol s o 2 i
tion. This was verified in our tests. There was no significant diffe-

cipient of this prize and send nominations to Prof. George Dantzig, ) ) ) Lis
rence between problems with objective coefficients drawn from the
same distribution.

Another datareduction or standardization has to do with the disper-
sion of the objective coefficients. Most codes for Assignment or Net-
work Flow Problems assume integer cost coefficients. So if these are
drawn according to a continuous distribution, they have to be trun-
cated to integers. But then the resulting problem will depend on the
scaling of the costs. We indeed found the iteration count to be de-
pendent of the scaling. With cost coefficients uniformly distributed

Chairman, Orchard-Hays Prize Committee, Stanford University,
Stanford, California, 94305.

The prize is one which will be awarded triennually. A funding
committee consisting of John Tomlin (chair), Harvey Greenberg,
David Hirshfeld and A.C. Williams is actively seeking industrial
sponsors for the prize. If you know of organizations which have
benefited from mathematical programming software currently
available .and believe that those organizations would be willing

to encourage further research in this area via sponsorship of . in the intervall [0,my] for a dxd Assignment Problem, the iteration

count initially increased with my, but stabilized and remained con-
stant when my reached about am. Hence, one may say that problems with
2 are untypically simple. In our study we have thus investigated

m,<d
4 2 2
the case aaw d™ and put my = 20 d

to be on the safe side.
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Apart from its function for COAL, tho Nowslettor conveys
factual information on algorithms, software, tests, experi-

ments and validations. Judging from the growing readership
of the COAL Newsletter, this function is considered to be a
valuable one too.

The relation of the COAL Newsletter to the other publications

of the Mathematical Programming Society merits some attention.

Whereas Mathematical Programming is a scientific journal of

high quality and Optima is an MPS Newsletter, the COAL News-
lettexr provides a vehicle for the rapid publication of short
computationally oriented papers as well as announcements.

A formal indication of the fact that MPS does not consider

Optima to be a duplication of the COAL Newsletter is provided

by the inception of Optima years after the first COAL News-
letter was published. In oxder to avoid the possibility that
the COAL Newsletter and Optima might eventually lead to some
duplication, a tvnx»:a relation between the editors of the
two has been created.

The only real duplication in the three publications is the
inclusion of the MPS calendar. We do not regard this as an
undesirable situation since this is basic information that
requires only one page.

The COAL Newsletter contains papers that are closely related
to COAL's objectives regarding testing, comparing and
evaluating algorithms and software, Both other publications
have a much broader scope and they do not try to match the
COAL Newsletter in timeliness of the material published.

The quality of the papers published in the COAL Newsletter
is not monitored through a formal refereeing process, but
papers are thoroughly screened by the editors who may call
on others to assist them in this task. To give an example,
for the issues published in 1983, 13 papers were considered

of which 6 were published, most of them after changes sugges-
ted by the editors were incorporated. We believe that for the
time being this procedure is sufficient to maintain the quality
of the material published in the Newsletter, and we intend to

continue working along these lines.
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P.0. Lindberg & S. Olafsson (1980): "On the lengths of simplex paths:
The assignment case", TRITA-MAT-1980-29, Department of Mathema-
tics, Royal Institute of Technology, Stockholm, Sweden.
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The transportation case", TRITA-MAT-1983-6, ibid., in prepara-
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other minimum cost flow algorithms", Math. Progr. 5, 255-266.
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COAL OBJECTIVES

The Committee on Algorithms is involved in computational
developments in mathematical programming. There are three
major goals: (1) ensuring a suitable basis for comparing
algorithms, (2) acting as a focal point for computer programs
that are available for ¢general calculations and for test
problems, and (3) encouraging those who distribute programs
to meet certain standards of portability, testing, ease of
use and documentation.

NEWSLETTER OBJECTIVES

The newsletter's primary objective is to serve as a forum
for the Friends of COAL. Through an informal exchange of <
opinions, members have an opportunity to share their
experiences. To date, our profession has not developed a
clear understanding on the issues of how computational tests
should be carried out, how the results of these tests should
be presented in the literature, or how mathematical programming
algorithms should be properly evaluated and compared. These
issues will be addressed in the newsletter.
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