= A0 =

easily extended to yield optimal Bayesian stopping rules [4].

3. Multi level Single Linkage.

In spite of the scope that Multistart offers for analysis, the procedure
is lacking in efficiency. The main reason is that it will inevitably cause
each local minimum to be found several times. To avoid all these time
consuming local searches, P should be applied no more than once, or better
still exactly once, in every region of attraction. For this purpose, the Multi
Level Single Linkage method has been developed. Unlike the Single Linkage
method described in (1], Multi Level Single Linkage focuses on the function

values of the sample points to obtain an extremely simple but powerful method.

In the Multi Level Single Linkage method the local search procedure P is
applied to every sample point except if there is another sample point or a

previously detected local minimum within some critical distance which has a

smaller function value.

Actually, the method is implemented in an iterative fashion, where points
are sampled in groups of fixed size, say N. In each iteration the above rule
is applied to the points of the expanded sample to determine from which sample
points P should be started.

In spite of its simplicity, the theoretical properties of Multi Level
Single Linkage are quite strong [16]. If, for some o > 0, the critical
distance in iteration k is chosen to be

nxu =-:2F~Ji$ o melz_:s Gv
(where m(.) and I'(.) denote the Lebesque measure and the gamma function
respectively), then any local minimum x* will be found by Multi Level Single
Linkage within a finite number of iterations with probability 1. However, at
the same time we can prove that, if o > 4, the total number of local searches
ever started by Multi Level Single Linkage is finite with probability 1 even
if the sampling continues forever. In [16] it is indicated that these results
are in some sense the strongest possible ones. (Actually, the above results
were obtained for a slightly different version of Multi Level Single Linkage,

modified to ensure that P is never applied in a point which is very close to

- 11 -

the boundary of S or to a stationary point detected previously.)

Since Multi Level Single Linkage and Multistart result in the same set of
minima with a probability that tends to 1 with increasing sample size, we can
simply use the stopping rules which were designed for Multistart (4],

One might believe that it is unlikely that the global minimum will be
found by applying P to a sample point with a relatively high function value.
It is possible to reduce the sample by removing a certain fraction,
say l-y, of the sample points with the highest function values and apply Mulci
Level Single Linkage to the reduced sample points only. Such a reduction of
the sample does not significantly affect the theoretical properties of Multi
Level Single Linkage. In [16] it is observed that in case of a reduction of -
the sample to YkN sample points in iteration k, the critical distance should
still .equal (3), but that in (2) M should equal YkN and not kN.

Because of the extreme simplicity of the Multi Level Single Linkage
method it can be very efficiently implemented. Of course, it is not advisable
to start the calculations necessary for applying the method from scratch in
every iteration. Since the sample of iteration k-l is a subset of the sample
of iteration k, and since it 1is known in what way the critical distance varies

with k, it turns out to be possible to develop an efficient dynamic

implementation of the method [16]. In this dynamic implementation, the
information which is necessary to determine the starting points of the local
search procedure in iteration k 1is determined by updating the corresponding
information from iteration k-l. It turns out to be possible to implement Multi
Level Single Linkage in such a way that the running time needed up to
iteration k is only O(k) in expectation. Hence, the calculations needed to
update the information in iteration k do not vary with the size of the

complete sample, but only with the number of newly sampled points.

4. Computational results,

To examine the computational behaviour of Multi Level Single Linkage it
has been coded in Fortan IV and run on the DEC 2060 computer of the Computer
Institute Woudestein.

We tested Multi Level Single Linkage on the standard set of test
functions [11] which in commonly used in global optimization. These test
functions are listed in Table 1.
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THE MULTI LEVEL SINGLE LINKAGE METHOD FOR
GLOBAL OPTIMIZATION

by

Alexander H.G., Rinnooy Kan and Gerrit T. Timmer
Econometric Institute
Erasmus University Rotterdam
3000 DR Rotterdam
The Netherlands

1. Introduction,

Written at the request of the Editor of this Newsletter, this is a short
presentation of the theoretical properties and the computational performance
of the recently developed Multi Level Single Linkage method for global
optimization., This method has been discussed extensively in [16].

The global optimization problem considered is to find the global optimum

(say, the global minimum) x4 of a real valued twice continuously

differentiable objective function f: R® + R. For computational reasons one
usually assumes that a set S < R" which is convex, compact and contains the
global minimum as an interior point, is specified in advance. Nevertheless,

the problem to find

Yo = min{f(x)} (1)
Xx€S

remains essentially one of unconstrained optimization.

Only a few solution methods for this problem have been developed so far,

certainly in comparison with the multitude of nonlinear programming methods

that aim for an arbitrary local minimum. For a survey of global optimization

methods we refer to [9,10,14,16]. It appears not to be possible to design
methods which offer an absolute guarantee of success for abritrary f.

Therefore, most methods are of a stochastic nature and provide an asymptotic

guarantee in a stochastic sense. For instance, if the function is evaluated in
points which are drawn from a uniform distribution over S, then it can be

shown that the smallest function value found converges to the global minimum

&3 -

Table 2
NUMBER OF FUNCTION EVALUATIONS

FUNCTION
METHOD GP BR H3 H6 S5 S7 S10
Branin [6,12] - = = . 5500 5020 4860
Bremmerman [7,11] 300 160 420L 515  375L 405L 336L
Price [13) 2500 1800 2400 7600 3800 4900 4400
Térn [17,18] 2499 1558 2584 3447 3649 3606 3874
De Biase [8] 378 597 732 807 620 788 1160
Multi Level Single
Linkage [16) 148 206 197 487 404 432% 564

L: the method did not find the global minimum

*: the global minimum was not found in one of the four runs

Table 3

NUMBER OF UNITS STANDARD TIME

FUNCTION

METHOD cp BR H3 H6 S5 s7 S10
Branin [6,12) D B - - 9 8.5 9.5
Bremmerman [7,11] 0.7 0.5 2L 3 1oL, 1.5L 2L
Price [13) 3 4 8 46 14 20 20
Térn [17,18] 4 4 8 16 10 13 15
De Biase (8] 15 14 16 21 23 20 30
Multi Level Single

Linkage [16] 0.15 0.25 0.5 2 1 1* 2

L: the method did not find the global minimum

*: the global minimum was not found in one of the four runs.
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A NEW POLYNOMIAL-TIME ALGORITHM FOR LINEAR PROGRAMMING

In the last few months we have been excited by the news of a new
polynomial-time algorithm for linear programming, designed by Naren-
dra Karmarkar of AT & T Bell Laboratories in Murray Hill, New Jersey
07974.

At the time of this writing it was announced that Mr. Karmarkar
will give a lecture on this method at the Dallas ORSA/TIMS meeting.
For those readers who were not there we give a brief summary of the

method based on a publication in the Proceedings of the wam

annual
ACM Symposium on the Theory of Computing (Washington DC, April 30 -

May 2, 1984) pp. 302-310.

The simplex algorithm for linear programming has been shown to
require an exponential number of steps in the worst-case. A poly-
nomial-time algorithm for linear programming was published by
Khachiyan in 1979. The complexity of his algorithm is O0(n®L2?) where
n is the dimension of the problem and L is the number of bits in the
input ﬁwu . Karmarkar presents a new polynomial-time algorithm for
linear programming whose time- complexity is O(n®®L?).

He proves a theorem about polytopes which seems to be interesting
in its own right. Given a polytope P c RY and a strictly interior
point a&P. there is a projective transformation of the space that
maps P,a to P',a' having the following property: The ratio of the
radius of the smallest sphere with center a', containing P' to the
radius of the largest sphere with center a', contained in P' is
Oo(n).

The algorithm for linear programming is based on repeated application
of such projective transformations followed by optimization over the
inscribed sphere to create a sequence of points which converges to the
optimal solution in polynomial time.

Since representing the output of a linear programming problem re-
quires O(L) bits per variable in the worst case, the factor L must
appear in the worst-case complexity of any algorithm for linear pro-

gramming.
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consequence, the performance of optimization methods must be eva-
luated by experiments. By defining a sample, i.e. by searching
for suitable test problems, and by designing a computational
experiment, the efficiency, robustness, and reliability of an
algorithm can be investigated. Such experimental optimization
will become even more important in future years as modeling
efforts attempt to solve problems related to evermore complex
systems and consequently, the mathematical mHQOKHnsam used to
solve these problems become more and more sophisticated. The need
to disseminate information about computational mathematical
programming procedures was the main impulse for organizing the
Advanced Study Institute.

Consequently, the general purpose of the Advanced Study Institute
was to link new algorithmic developments for optimization models
with practical applications. From the organizational point of
view, the ASI consisted of tutorials, research seminars, and a
software fair. The tutorials covered all major types of optimiza-
tion models currently used in practice. Leading experts gave an
introduction to the subject, provided any mathematical back-
ground, presented suitable algorithms stressing information about
their computer implementations, usage and numerical performance.
The topics of the tutorials ranged from linear and integer pro-
gramming, networks, and various aspects of nonlinear programming
to optimal control, stochastic and nonsmooth optimization. They
were accomplished by about 60 research seminars of other parti-
cipants leading to a more detailed insight in special individual
research projects. Moreover, information material about existing
optimization software was displayed at the ASI e.g. in form of
user's guides or code descriptions.

Manuscripts of the tutorials and code descriptions will be
published in the proceedings of the ASI (NATO AST Series,
Springer). In addition selected papers, presented in form of a
research seminar, will be published in a special volume of Mathe-
matical Programming Study. The editors are K. Hoffmann, ]

R. Jackson and J. Telgen

ecEWW

These expectations were tested by running DxD assignment models for
D=20, 50, 100, 125, and transportation models with dimensions (sources
x destinations) : 20x30, 40x60, 10x90, 30x120, 500x30 and 980x15.

The objective row and transportation RHS values were taken randomly
from a uniform ditribution. All runs were made using our general

LP code, HSLP. Runs were started from an all slack basis.

Results

The transportation model has a size of S+D+1 rows and SD structural
columns; in an assignment model, S=D. A 20x20 assignment problem
would result in a model of 41 rows and 400 structural columns. I
expected it would take between 41 and 61 iterations to solve. Eleven
varied models of this size actually took between 38 and 52 iterations
to reach optimal. This is substantially less than the 121 predicted
by the formula for PNET (1).

No significant difference in the number of iterations was found be-
tween assignment and transportation models of the same row size.

No significant difference in the number of iterations was found for
different random selection of objective row and RHS values from a
uniform distribution.

Since general LP codes allow decimal values, the number of significant
places in the values is normally 7.5. However, special cases were run
where the random values were reduced to two integer places and then to

a single integer value. No significant difference in the number of
iterations was found.

Number of columns

The effect of the number of columns was checked by using transportation
models of 40x60 (which gave a matrix of 101 rows x 2400 columns) and
10x90 (which gave a matrix of 101 rows x 900 columns). These gave
iteration counts of 110 and 104 respectively. This small difference

for models of the same row size appears to be too small to attribute

to differences in the number of columns which varied by a factor of

2.7. The full 101 x 2400 model was run with a different random distri-
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MATCIHLING LECTURLS AND SPEAKERS

The Committe on Algorithms has initiated a system to
assist (1) travellers who can give lectures on various
topics of Mathematical Programming and Operations
Research and (2) institutions that are interested in
inviting speakers. The system covers the entire world.
Ashok Idnani has volunteered to maintain the system.
Interested parties fill in the appropriate form below
and mail it to: Ashok Idnani

Computer Science Department

Pace University

Pleasantville, NY 10570

U.S.A.
He will match the forms and inform both parties if
there is a match. Then the parties themselves should
follow up on that information and make arrangements.
There is no charge for using the system.

TRAVELLERS FORM:

Name :

Address + tel.no.: Country:
Period of travel:

Geographical area:

Person to contact in the area (include tel.no.):
Topics of lectures:

Additional information:

INSTITUTIONS FORM:

Name :

Address: Country:
Person to contact (+ tel.no.):

Period:

Additional information:

In all tests, except two, the F factor was between .93 and: 1i,42%
This included some models which had no feasible solutions. In my
experience these often have taken more iterations to resolve. One
exception was a 996 row x 14,700 columns nnm:wvonnmn»o: model (980
sources, 15 destinations) in which the total availability exceeded
total demand by about 60%. F was .71. This is an example of F less
than 1 as discussed above. The other exception was F= 1.61 for a
degenerate 40x60 transportation model in which all supply came from
a single source.

It appears that a reasonable expectation for assignment and trans-
portation models in the size ranges tested, with close balance of
total supply and demand, and using a general LP code is:

Simplex Iterations = 1.2(+/- .3) % nin (R,C)

References

(1) Snjolfun Olofsson and P.O. Lindberg: "On the Lengths of
Simplex Paths". COAL Newsletter No. 10 (1984), p. 23+,

(2) Robert Fourer: "Technical Correspondence".
Communications of ACM, (1983), p. 382+.

(3) Edward H. McCall: "Performance Results of the Simplex
Algorithm for a Set of Real-world LP Models". Communications
of ACM, (1982), pp. 207-212.
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COAL OBJECTIVES

The Committee on Algorithms is involved in computational
developments in mathematical programming. There are three
major goals: (1) ehsuring a suitable basis for comparing
aldorithms, (2) acting as a focal point for computer programs
that are available for general calculations and for test
problems, and (3) encouraging those who distribute programs
to meet certain standards of portability, testing, ease of
use and documentation.

NEWSLETTER OBJECTIVES

The newsletter's primary objective is to serve as a forum
for the Friends of COAL. Through an informal exchange of
opinions, members have an opportunity to share their
experiences. To date, our profession has not developed a
clear understanding on the issues of how computational tests
should be carried out, how the results of these tests should
be presented in the literature, or how mathematical programming
algorithms should be properly evaluated and compared. These
issues will be addressed in the newsletter.
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