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bounds. For transhipment problems we could identify sets of nodes that do
not share primal variables by performing a coloring of the network graph.
Nodes that are not connected with an arc will get the same color, and can be
processed in parallel. Furthermore, it is possible to design Jacobi variants of
the row-action algorithms. These variants permit the concurrent iteration
on multiple rows, even if they have primal variables in common. In general,
we found that Jacobi variants require more iterations than Gauss-Seidel im-
plementations based on the graph-coloring decomposition. However, Jacobi
algorithms utilize a larger number of processors and solve the problem in
less time.

3.1 Nonlinear Transportation problems

The development and implementation of row-action algorithms for nonlin-
ear transportation problems is reported in Zenios and Censor [9]. The al-
gorithm executes at 1.6 GFLOPS on a 64K CM-2 when implemented in
C/Paris. A microcoded optimal implementation executes at 3.1 GFLOPS.
The following table summarizes some results, and compares the massively
parallel algorithm with an equilibration algorithm [4] implemented on a vec-
tor supercomputer:

Nodes x arcs IBM 3090-600/VF CM-2 (32K)

1K x 250K 1 min 9 sec 18 sec
2K x 1M 8 min 3 sec 22 sec
4K x 4M 1 hr 3 min 43 sec 47 sec

3.2 Nonlinear Multicommodity Flows

The development and implementation of row-action algorithms for nonlinear
multicommodity problems is reported in Zenios [8]. The algorithm solves
one commodity at a time, iterating concurrently on multiple rows. Once
all commodity subproblems are solved to some desirable level of accuracy,
the algorithm iterates on the coupling constraints. The coupling constraints
do not have any primal variables in common, and can be iterated upon
simultaneously. The iterations then proceed with the network subproblems
and so on. The following results highlight the performance of the algorithm
on a quadratic problem:

Multicommodity flow program: 8 commodities
2048 nodes x 1,048,570 arcs

= 17 =

Equivalent non-linear program: 16,384 equality constraints
104,521 active GUB constraints
8,384,560 variables

Solution times: 30 min. on 4K processors
5 min. on 32K processors

3.3 Nonlinear Stochastic Programs with Network Recourse

The development and implementation of row-action algorithms for nonlin-
ear stochastic programming problems with network recourse is reported in
Nielsen and Zenios [5]. The algorithm works on the split-variable formu-
lation of Fig. 1. A Jacobi variant iterates on all the rows of all scenario
subproblems simultaneously, before the algorithm iterates on the coupling
constraints. A closed form solution can be computed for the coupling con-
straints. This avoids any coordination bottlenecks in the algorithm. We
present sample results:

Scenarios ~ Equivalent NLP 32K CM-2
512 61,952 x 171,520 46.3 sec.
1024 123,904 x 343,040 86.3 sec.
2048 247,808 x 686,080 163.6 sec.
8192 495,616 x1,272,160 11 min.

3.4 Solving Linear Network Problems

The massively parallel solution of linear network problems is substantially
more challenging than the solution of nonlinear problems: it requires the
embeding of a row-action algorithm within PMD. Hence, we can not expect
to solve the linear problems with the same efficiency we have solved the
nonlinear programs. Nevertheless, in Nielsen and Zenios [6] we have been
able to solve to a high-level of accuracy, and quite efficiently, linear stochastic
networks. We present sample results:

Scenarios  Equivalent NLP 16K CM-2 32K CM-2
512 54,287 x 154,657  16.5 min 9 min
1024 108,559 x 309,281 33 min 17.3 min
2048 217,103 x 618,529 NA 34.5 min

The most interesting observation from this table is the scalability of
tha algorithm: The 2048 scenario problem is solved on the 32K CM-2 in
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nonlinear network optimization problems was indeed one of the first appli-
cations that ran on the Connection Machine CM-1 [7). We summarize here
some of our recent work in this direction. We review the key ideas that led
to the design of scalable, massively parallel algorithms. Numerical results
are included for three classes of network structured problems: (1) The non-
linear transportation problem, (2) The nonlinear multicommodity network
flow problem, and (3) The stochastic programming problem with network
recourse. A recent survey of parallel network optimization algorithms is
given in Bertsekas et al. [1].

2 Overview of the algorithmic ideas
We consider the linear programming (LP) problem:

?minnnmnmknﬁn . (1)
where X = {z | Az = b, 0 < = < u}. A is either a node-arc incidence ma-
trix, or has the block-diagonal structure of the multicommodity network flow
problem, or has the dual block-angular structure of stochastic programming
problems with network blocks; Fig. 1. We summarize the two key ideas in
designing massively parallel algorithms for this problem:

1. Proximal Minimization with D-functions (PMD), Censor and Zenios (3]:

We introduce an auxiliary function f : ®* — R, and define the D-
function by Dy(z,2*) := f(z) - f(z*)- < Vf(z*), 2 —z* >. It can be
shown that, if f has certain properties, the following iterative scheme
converges to an optimal solution z* of the linear program (1).

The PMD Algorithm

L

! = Dy(z,a*). (2)

2 —arg min ¢’z +

zeX 8 0
§ is the zone of the function f. For convergence of PMD the auxiliary

function must be a Bregman’s function as characterized by Censor and
Lent [2].

2. Row-action algorithms, Censor and Lent [2): The algorithms, as their
name implies, iterate on one row of the constraint set at a time. They
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BINVARUB || BIN,\UB \UB \UB | warus || 'varus |

_ _

[BIN vARUB | [ BIN,UB, |

Figure 1. Hierarchical structure of less-than-or-equal constraints.

Classification Inequality Name

BIN |EQ, Y%=l generalized upper bound
BIN,UB Yjes%iS1 special ordered set
BIN \UB e XjSk (k#1) invariant knapsack
BIN VARUB 2B XjSar X, plant-location

BIN VARLB 3 jaBXj 28k Xk reverse plant-location
BINUB Y jeB @ X;Say knapsack

'VARUB a;y;Sax; variable upper bound
'VARLB ajy;2a;x, variable lower bound
'uB ajy;j<a; simple upper bound
LB a;y;2a, simple lower bound

Table 1. Examples of classifications.
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MASSIVELY PARALLEL SOLUTION OF QPs

[10] combines a conjugate gradient method to explore a face of the feasible polytope and a
projected line search strategy to select a new face. The interior point algorithm proposed
by Han, Pardalos and Ye [4] is (at least from a theoretical point of view) one of the most
effective, requiring a total of O(y/nL) iterations, where L is the size of the input data of
the problem. A review of the recent algorithms based on active set strategies can be found
in (10, 9, 3]. We refer the reader to (4] for an outline of the results for interior point based
algorithms.

In this paper we show that important large-scale engineering problems can be solved using
both serial and parallel successive overrelaxation (SOR) methods (6, 7). The effectiveness
of the SOR algorithm in solving large sparse linear complementarity problems and linear
programs derives in part from the fact that original problem data are never modified and
the sparsity structure of the matrix M is preserved throughout the algorithm.

For all the problems considered here, the matrix M is pentadiagonal. This special sparsity
structure of the matrix allowed us the effectively implement the SOR algorithm on the
massively parallel Single-Instruction-Multiple-Data (SIMD) Connection Machine CM-2.

In a previous paper [3], we concentrated on the obstacle problem and results on the Con-
nection Machine CM—2 and the MasPar MP-1 were reported. Two different implementations
of the algorithm in Fortran 90 and C* were discussed. For larger problems the C* imple-
mentation was more efficient, reducing the computing time in some cases to 40% less than
the Fortran 90 implementation. We attributed this to lower inter-processor communication
costs in the C* implementation (see [3]).

In this paper, we report computational results for three classes of problems: obstacle
problems, elastic-plastic torsion problems, and journal bearing problems. We compare the
results of our algorithm with the results for the Han, Pardalos and Ye algorithm [4] and with
the results reported by McKenna, Mesirov and Zenios in [11] for their implementation of the
Moré and Toraldo [10] algorithm on the Connection Machine CM-2.

We briefly describe our notation now. Given the vectors [ and u (with I < u) and a
vector z all in IR", z4 will denote the vector with components (z4); = min{u;, max{l;,z;}}.
The scalar product of two vectors z and y in IR™ will be denoted by zTy. The symbol :=
denotes definition of the term on the left side of the symbol.

2 The serial SOR algorithm

In this section we will discuss a serial implementation of the SOR algorithm for the quadratic
program with simple bounds (1).
A point z € R™ solves the quadratic program (1) if and only if ([6])

z=(z—-wEMz+q))s

for some positive diagonal matrix E and some w > 0. The above formula is the basis of the
SOR algorithm. The successive overrelaxation algorithm constructs a sequence of iterates
{z*} as follows:

SOR Algorithm
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The language we propose to define constraint classes uses six fields. The first field describes
the type of variables that occur in the constraint. The second field specifies the number of variables
in the constraint. The third field characterizes the coefficients of the variables in the constraint. The
fourth field describes the type of bound. The fifth field specifies the sense of the bound. The sixth
field characterizes the value of the bound.

The classification language consists of a set of rules that define allowable structures. Each rule
defines a nonterminal symbol (classification or field) in terms of other nonterminal symbols and ter-
minal symbols (values of fields, or ‘tokens’); the symbol v is used to represent an exclusive or. Each
nonterminal symbol is enclosed in angular brackets. Each token is followed by a comment on its
interpretation between square brackets. The token ° indicates the empty symbol; it is used to indi-
cate a default value, which is usually either the simplest or the most appropriate value.

Each constraint class under consideration is defined by a number of tokens, some of which
may be equal to °. For notational convenience, the tokens are represented as follows

<field 1> feld 2> <field 4><field 5> ppia 65

The partitioning of the set of constraints into a number of classes, as done by mixed integer
programming systems, is in fact nothing more than the identification of interesting special cases.

<classification> ::=

<type of variables>
<number of variables>
<coefficients of variables>
<type of bound>

<sense of bound>

<value of bound>

2.1. Type of variables

The first field specifies the type of variables that appear in the left-hand-side of the constraint, i.e.,
whether there are both binary and non-binary variables, just binary variables, or just non-binary
variables.

<type of variables> ::=° v BIN v MIX

° [no binary variables]
BIN [all binary variables]
MIX [both binary and non-binary variables]

2.2. Number of variables

The second field specifies the number of variables that appear in the left-hand-side of the constraint,
i.e., whether there is only a single variable or whether there is more than one variable. Note that in
the case of a left-hand-side with both binary and non-binary variables there can never be a single
variable.

<number of variables>::=°v 1

° [an arbitrary number of variables]

= 2B
MASSIVELY PARALLEL SOLUTION OF QPs

In our C* implementation, the processors were organized in an p x p grid and assigned
a k x k submatrix of X, where n = p? x k%. A standard red-black coloring [8] was imposed
on X so that each processor would be active at every time step; all red components were
updated simultaneously, followed by all black components.

4 Performance of the serial and parallel algorithms

The test problems considered are instances of three classes of problems: the obstacle problem,
the elastic-plastic torsion problem, and the journal bearing problem. These three problems
can be posed as the following constrained variational problem:

min{g(v) : v € K}.
For the obstacle problem and the elastic-plastic torsion problem, the objective function is
given by
=i N\ Vol dD — \ dD,
av)=1/2 [ IVolfaD~ £ [ o
D =(0,1) x (0,1),

where V is the Laplacian operator, and K is the subset of all functions v with compact
support on D such that v and ||Vv||* belong to the square integrable class L2(D).

For the obstacle problem, v varies between the bounds v; and v, given in Table 1 and
the force f = 1.

Problem v Vy
1 (sin(9.2z,) sin(9.322)) || (sin(9.2z;)sin(9.3z2))* + 0.02
2 sin(3.2z) sin(3.3x2) 2000.0

TABLE 1: Lower and upper bounds for the obstacle problems.

For the elastic-plastic torsion problem, f = ¢ for some constant ¢, and the bounds on v
are given by
{lv(z)| £ dist(z,dD),z € D}.
where dist(-,0D) is the distance function to the boundary 9D.
We considered the three cases ¢ = 5, ¢ = 10, and ¢ = 20.
The journal bearing problem has an objective function given by

q(v) = H\NA\.GC + €cos 0)* | Vv|*dD — ¢ ummnmc&ﬁ.

where
D={(0,y):0<6<2r0<y<2b},
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1. Introduction

The success of branch-and-cut algorithms for combinatorial optimization problems [Hoffman and
Padberg 1985, Padberg and Rinaldi 1989] and large scale 0-1 linear programming problems
[Crowder, Johnson, and Padberg, 1983] has lead to a renewed interest in mixed integer program-
ming. The key idea of the branch-and-cut approach is reformulation. Problems are reformulated so
as to make the difference in the objective function values between the solutions to the linear pro-
gramming relaxation and the integer program as small as possible.

There are various ways to tighten the linear programming relaxation of an integer program.
Preprocessing techniques [Hoffman and Padberg, 1991] try, among others things, to reduce the size
of coefficients in the constraint matrix and to reduce the size of bounds on the variables. Constraint
generation techniques [Crowder, Johnson and Padberg, 1983, Van Roy and Wolsey, 1986] try to
generate strong valid inequalities.

Reformulation techniques should make the best possible use of the problem structure. It is
beneficial to distinguish two modes of operation. General reformulation techniques, which are
embedded in mixed integer programming systems such as ABC_OPT [Hoffman and Padberg
1989], MINTO [Savelsbergh, Sigismondi and Nemhauser 1991], MPSARX [Van Roy and Wolsey
1986], and OSL [IBM Corporation, 1990] try to identify problem structure based on an analysis of
the constraint matrix. Problem specific reformulation techniques are based on an a priori investiga-
tion of the polyhedron associated with the set of feasible solutions.

= 25 =
MASSIVELY PARALLEL SOLUTION OF QPs

Once again in Table 6 we compare our results with the results reported for the Han-
Pardalos-Ye interior point algorithm. In all instances, the solution time for our serial SOR
algorithm is substantially lower than the time required by the Han-Pardalos—Ye method.
The time ratio is bigger for the “easier” problems. For the case ¢ = 20, the solution time
was reduced 10~fold when n = 490,000, z° = u, while a maximum reduction of only 2.8 was
achieved for the case ¢ = 5.

The results for z° = 0 are reported in Table 7. The same starting point was also used
in [4]. However, no results for problems in this class with more than 160,000 variables were
reported and their algorithm failed to converge for the case n = 160,000 and ¢ = 20.

The next two tables report the results for our massively parallel implementation. Due
to memory limitation we were unable to run large problems with 8K processors. Using 16K
processors a 30—fold time reduction was achieved over the serial counterpart. Problems with
over 4,000,000 variables were solved with solution times varying from 7 minutes (¢ = 20, 2° =
u) to less than 50 minutes (¢ = 5,2° = u).

Finally Tables 10 and 11 report the solution times for the journal bearing problem for the
serial and parallel implementation, respectively. Two problems were considered here with
€= 0.1 and € = 0.5. Results for these problems were reported in [10] for n varying from
5625 to 15625. However only the number of iterations and number of function evaluations
per iteration were reported. Once again on the IBM RISC 6000 POWERstation 550, we
solved problems with up to 490,000 variables and on the 16K Connection Machine CM-2,
problems with over a million variables. Due to memory limitation we were unable to run
problems with more than 1,048,576 variables even with 16K processors.

5 Conclusions

We have implemented both serial and massively parallel SOR algorithms to solve several
large scale engineering problems. On a 16,384-processor Connection Machine CM-2, we
were able to solve problems with over 4,000,000 variables in less than 50 minutes. To the
best of our knowledge, these are among the largest problems in this class ever attempted.
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-4 - - 29 -
For convenience we put a factor } before the barrier if A # 0. So for A > —1, A # 0 we have MASSIVELY PARALLEL SOLUTION OF QPs

the (quasi) barrier function

Ron) = folw) + 13 3 (=)™,

=1

and A = 0 corresponds to the logarithmic barrier function n c=5 c=10 c=20
n # iter time | HPY || # iter | time| HPY || # iter | time| HPY
o _ B = i
Bl \.WE bl 10,000 | 475 | 9.09| 124 469| 654| 88| 467| 514| 5.4
It can be proved that ¢}(y,u), for A > —1, has a unique minimum, which is denoted by y(u) 40,000 672 50.68 | 104.9 548 | 29.71 71.0 539 | 22.74 43.0
(see [5] and [9]). The necessary and sufficient Karush-Kuhn-Tucker conditions for these minima : 90,000 || 1763 | 291.68 | 354.5 654 | 77.98 | 236.7 656 | 58.99 | 146.1
are:

160,000 || 1526 | 501.61 | 911.5 724 | 149.87 | 597.5 703 | 109.72 | 381.1
250,000 || 2288 | 1034.80 | 1810.5 563 | 190.78 | 1128.6 300 | 99.46 | 722.5
360,000 || 3157 | 2404.78 | 3338.4 815 | 439.45 | 2141.1 373 | 190.04 | 1280.7
490,000 || 2302 | 1964.54 | 5528.3 819 | 508.49 | 3405.8 292 | 190.56 | 2052.4

fiy) £0, 1 <i<n,
Mm-"~ H.Q.\..AQV + Q.\oﬁw\v = O“
(—fiy)Mei=p, 1<i

We will call the minimizing point y(y) the center of (C'P) with respect to s.

IA &
2 v
P
———_ W |
- W N
EE

The A-path of the problem is defined as the set of centers y(u), where x runs from oo to 0.
Note that not only y(u) is primal feasible, but also (z(u),y(u)) is dual feasible, due to equation
(3). ¢From the literature it is well-known that if x | 0 then y(u) — y*, where y* is an optimal
solution for (C'P). Moreover, fo(y(u)) is monotonically decreasing if y decreases.

TABLE 6: Comparison of serial SOR algorithm on the IBM RISC 6000 POWERstation 550 and the HPY
algorithm, z° = u. Elastic-Plastic Torsion Problem.

For the logarithmic barrier function (A = 0) it is easy to show that the duality gap along
the path is decreasing. See for example Fiacco and McCormick [5]. For linear programming
and quadratic programming it is well-known that the dual objective along the 0-path (the
logarithmic case) is monotonically increasing if ;1 decreases. The argument then is that in this

special case the dual pair (z(u),y(u)) is the unique solution for the dual logarithmic barrier L e=5 c=10 c=20
problem. As we now will show a similar argument can be used for the general case. # free | # iter time || # free | # iter time || # free | # iter time
We introduce the following functions which are in fact the duals of &, A # 0, and ¢f, respec- 10,000 7016 464 8.96 3632 469 6.54 1768 467 5.15

tively, )
= q e L A+1 e 40,000 28112 832 63.82 18416 570 31.24 7432 561 | 23.53
(@Y, 1) = foly) + 2 i fiy) + p¥1 Y ——a,
i=1 = A 90,000 63336 2109 | 362.77 35328 698 88.39 || 16976 651 | 60.71
sud n s 160,000 || 112630 | 2125 | 668.14 || 59736 | 1040 | 232.04 || 30384 | 766 | 125.48
d = oh ,

#olay ) = fol0) + 2, 5ifily) + 2 Inei+nu(l +1n ). . 250,000 || 176040 | 3224 | 1582.00 | 93540 | 1164 | 436.74 | 47696 | 550 | 173.41
So, loosely speaking, the dual of an inverse barrier function is a quasi-barrier function, and 360,000 || 253540 | 4512 | 3189.77 || 134804 | 1676 | 1055.16 || 63388 649 | 357.98
MMMMMMMW, and the dual of the logarithmic barrier function is again the logarithmic barrier 490,000 || 345114 sos1 | s787.66 | 183640 2963 | 1640.34 | 93952 a9% | 58167

== d . . e .
Theorem 1 We have that &(7,u) 2 93(2,y, ) for all primal feasible § and dual feasible TABLE T: Solution time in seconds for the serial SOR algorithm on the IBM RISC 6000 POWERstation
(z,y). Moreover, ¢f(x(u),n) = oa(a(w), y(u), 1) 550, z° = 0. Elastic-Plastic Torsion Problem.
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ON THE MONOTONICITY OF THE DUAL
OBJECTIVE ALONG BARRIER PATHS !
D. den Hertog, C. Roos and T. Terlaky 2

October, 1991

Abstract

Under some mild conditions, barrier functions for convex programs have a unique minimum, for each
value of the barrier parameter. These minima define a path, which leads to the optimum. It is
well-known that the primal objective value is monotonically decreasing along this path.

In this note we show that the dual objective is increasing along the dual paths defined by the loga-
rithmic barrier, the inverse barrier and quasi-barrier functions.

Key Words: interior point method, convex programming, barrier function, monotonicity.

1 Introduction
The classical barrier methods for solving the constrained optimization problem
AQ\uv min ﬁ.\oﬁm\v .\..T\VMOu NHHQ.ST

are based on barrier functions of the form
¢y, 1) = foly) — 1Y (= fiy)-
i=1

Here, p denotes a positive controlling parameter and ¥ is a function of one variable 7, such
that ¥(04) = —oco. Because of the singularity of ¥ in 7 = 0, these barrier functions prevent
the iterates from going outside the feasible region. Many choices for ¥ have been proposed
in the literature, e.g. the inverse function —y~! proposed by Carroll 2], the inverse quadratic
function —7~?% described by Kowalik [11], but ¥(5) = In n, originally due to Frisch [6], has got
most of the attention in the literature.

Quasi-barrier functions were developed by Hamala [9], but has not got much attention. These
functions have the properties that W(0,) is finite and ¥'(04) = oco. (E.g. ¥(n) = \/7.) It is
easy to see that the minima of these functions are again in the interior of the feasible region.

In the well-known book of Fiacco and McCormick [5] barrier functions were extensively studied.
They showed that, under certain mild assumptions, for each value of x the barrier function has
a unique minimum (denoted as y(u)), and that y(u) goes to an optimum if x goes to zero.

!This work is completed under the support of a research grant of SHELL.
20n leave from the E6tvos University, Budapest, and partially supported by OTKA No. 2116

= B =
MASSIVELY PARALLEL SOLUTION OF QPs

n e=0.1 e=0.5
# free | # iter time || # free | # iter time
5625 3808 255 2.87 3359 289 3.24
10000 6768 264 5.33 6040 290 5.81
15625 10564 255 8.01 9426 288 8.94
40000 27082 378 30.58 || 24174 290 23.27
90000 60940 908 | 254.55 || 54402 582 | 107.16
160000 || 108438 | 1573 | 436.24 | 96742 | 1066 | 300.13
250000 || 169472 | 2371 | 987.66 || 151156 | 1648 | 672.42
360000 || 244032 | 3292 | 1928.65 || 217684 | 2328 | 1310.18
490000 || 332137 | 4328 | 3445.18 || 296314 | 3102 | 2319.78

TABLE 10: Solution time in seconds for the serial SOR algorithm on the IBM RISC 6000 POWERstation
550, accuracy = 107, Journal Bearing Problem.

# free | # iter | 8K 16K || # free | # iter | 8K 16K
16,384 11072 300 | 3.53 2.87 9892 320 | 3.95 2.18
65,536 44410 480 | 5.67 3.49 39598 340 | 4.01 2.32
262,144 || 177682 | 2000 | 72.53 | 40.91 || 158438 | 1380 | 49.62 | 28.33

1,048,576 6920 | NEM | 485.09 5080 | NEM | 354.06

TABLE 11: Solution time in seconds with 8K and 16K processors on the Connection Machine CM-2, accuracy
=10"7. Journal Bearing Problem.
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COAL OBJECTIVES

The Committee on Algorithms is involved in computational developments in mathematical
programming. There are three major goals: (1) ensuring a suitable basis for comparing
algorithms, (2) action as a focal point for computer programs that are available for general
calculations and for test problems, and (3) encouraging those who distribute programs to
meet certain standards of portability, testing, ease of use and documentation.

BULLETIN OBJECTIVES

The Bulletin’s primary objective is to provide a vehicle for the rapid dissemination of
new results in computational mathematical programming. To date, our profession has
not developed a clear understanding of the issues of how computational tests should
be carried out, how the results of these tests should be presented in the literature, or
how mathematical programming algorithms should be properly evaluated and compared.
These issues will be addressed in the Bulletin.
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